We compare the lattice Boltzmann method (LBM) and Pseudo-Spectral (PS) method for direct numerical simulation of decaying homogeneous isotropic turbulence. In this study we use the generalized lattice Boltzmann equation (GLBE) with multiple-relaxationtime (MRT) collision model, which overcomes all the apparent defects in the popular lattice BGK equation. We first compare the instantaneous flow field and they agree well with each other. We then compare the statistical quantities including the energy spectra, compensated spectra, skewness, flatness and so on. The LBM and SP results agree well with each other although the LBM results have oscillations due to the acoustics.
I. Introduction
The lattice Boltzmann method (LBM) [1] [2] [3] [4] [5] [6] [7] has emerged as an alternative method for computational fluid dynamics (CFD). The LBM is a kinetic method derived from the Boltzmann equation, as opposed to conventional computational fluid dynamics (CFD) methods based on direct discretizations of the Navier-Stokes equations. Two distinctive features of kinetic methods immediately appear. First, kinetic methods include extended hydrodynamics beyond the validity regime of the Navier-Stokes equations, because they are based on kinetic theory. It is known that the Boltzmann equation provides the theoretical connection between hydrodynamics and the underlying microscopic physics. Kinetic methods are often called mesoscopic methods for they bridge between the macroscopic conservation laws and the underlying microscopic dynamics. And second, the Boltzmann equation is a first-order integro-partial-differential equation with a linear advection term, while the Navier-Stokes equation is a second-order partial differential equation with a nonlinear advection term. The nonlinearity in the Boltzmann equation resides in its collision term, which is local. This feature may lead to a number of computational advantages. 8 For these two reasons, kinetic methods have attracted some interest recently.
Although LBM is a relatively new method, its efficiency and effectiveness for direct numerical simulation (DNS) of turbulence has not yet been thoroughly investigated. In an effort to assess the ability of LBM in turbulence, we perform DNS of decaying homogeneous isotropic turbulence (DHIT). Decaying turbulence is a standard problem in study of turbulence. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] In fact, the first attempt at DNS with incompressible NS equation involved this problem. 9 Since then several numerical investigations of decaying HIT have been carried out. Some preliminary studies of three-dimensional (3D) decaying HIT using LBM have also been performed, 22, 23 but these investigations stop well short of a rigorous and thorough comparison with a well established method.
The objective of this paper is to conduct a detailed comparative study of the LBM and a pseudo-spectral method for DNS of DHIT. Due to the simplicity of the boundary conditions, pseudo-spectral methods are
The equilibria of the non-conserved moments in the D3Q19 model for athermal flows are:
where δρ is the density fluctuation, i.e.,
By considering only δρ in the simulations,
one can reduce the effect due to round-off error. For incompressible flows, we make the following approximation:
That is, we assume that in theory |δρ| ≪ 1 therefore we can neglect the coupling terms between δρ and u. The diagonal relaxation matrix S is non-negative and its diagonal elements are relaxation rates, among which the ones corresponding to the non-conserved moments must satisfy the stability condition s i > 1/2, 
The speed of sound of the D3Q19 model is c s = 1/ √ 3 and the shear viscosity ν and the bulk viscosity ζ are given by 5, 6 ν = 1 3
With the above equilibria of Eqs. (6) , if all of the relaxation rates, {s i |i = 0, · · · , 18}, are set to be equal to a single value 1/τ , i.e., S = τ −1 I, where I is Q × Q identity matrix, then the model is equivalent to the D3Q19 lattice Bhatnagar-Gross-Krook (LBGK) model 2, 3 of which the equilibria are the second-order Taylor expansion of the Maxwellian distribution function in u. 24, 25 B. The pseudo-spectral method
The pseudo-spectral (PS) method solves the incompressible Navier-Stokes equation in a cubic domain of size L 3 with periodic boundary conditions:
where the velocity field u(x, t) is represented as a finite Fourier series
where ı := √ −1. Usually, L = 2π, the grid resolution N in each dimension is an even number, and the grid spacing is δx = 2π/N . The wavenumber k i , i ∈ {x, y, z}, in each dimension varies between −N/2 + 1 and N/2 and the largest wavenumber is k max = N/2.
For the pseudo-spectral method, in order to reduce computational cost, the nonlinear advection term u · ∇u is evaluated in physical space x by first transforming theũ j and k jũi to x to form the nonlinear term, which is then transformed back to wavenumber space k. The de-aliasing is accomplished by nullifying u(k, t) for |k| > N/3 at each time step.
As for the time integration, the nonlinear term is treated by the second-order Adams-Bashforth scheme, while the viscous term is treated by exact integration, which amounts to multiplying by an exponential factor.
For homogeneous turbulence with a mesh of size N 3 , the computational cost of the pseudo-spectral method is of O(N 3 ln N ), while that of the LBE method is of O(N 3 ). Pseudo-spectral methods are the preferred DNS methods for homogeneous turbulence because of their superior accuracy. However, Pseudospectral methods are difficult to be applied in flows with complex geometries and boundary conditions.
III. Decaying Homogeneous Isotropic Turbulence in a Cube
The decaying homogeneous isotropic turbulence (DHIT) in a three-dimensional cube of the size L 3 = (2π) 3 with periodic boundary conditions in all three directions is a canonical problem in turbulence theory and has been used as test case for various numerical schemes for direct numerical simulations. In the DHIT, an initial energy spectrum is given in Fourier space k. In the present work, the following initial spectrum is used:Ẽ
where the magnitude A and the range of the initial energy spectrum [k a , k b ] determine the initial total kinetic energy K 0 in the simulation. The divergence-free initial velocity field u 0 , i.e., ∇·u 0 = 0, is generated in Fourier space k according to Rogallo's procedure:
where α = Ẽ 0 (k)/4πk 2 e ıθ1 cos φ, β = Ẽ 0 (k)/4πk 2 e ıθ2 sin φ; θ 1 , θ 1 and φ are uniform random variables between 0 and 2π, ı := √ −1, andk 1 ,k 2 , andk 3 are the unit vectors along three axises in k-space. The turbulent fluctuating velocity field u has a zero mean, i.e., u = 0, and is characterized by its root-meansquare (rms) value:
where · denotes ensemble average, which is realized as volume average in either physical space x or spectral space k. We compute the energy spectrumẼ(k, t) and the compensated spectrum Ψ(kη) of the velocity field
where η := 4 ν 3 /ε is the Kolmogorov length scale. Various moments ofẼ(k, t) in Fourier space k are the statistical quantities pertinent to DHIT:
where K(t), Ω(t), and ε(t) are the total kinetic energy, the enstrophy, and the dissipation rate, respectively; S ui (t) and F ui (t) are the skewness and the flatness computed from u i , respectively; and S u (t) and F u (t) are the skewness and the flatness averaged over three directions, respectively. For the DHIT, the Taylor microscale Reynolds number Re λ is used to characterize the flow:
where λ is the transverse Taylor microscale length. Because the LBE method is intrinsically a compressible flow solver, we monitor the rms velocity divergence
Note that for incompressible flows, Ω = 1 2 ω · ω , ω := ∇ × u, and Θ ′ = 0.
IV. Results

A. Parameters and flow conditions
To compare two significantly different methods such as the LBE and PS methods, we must first proper choose a number of parameters used in the simulation so that the comparison is meaningful. First of all, the simulations carried out to compare the two methods should have the same system size L 3 and the grid resolution N 3 , the initial Taylor microscale Reynolds number Re λ , and the dimensionless time step size. The system size of the cube is L 3 = (2π) 3 , thus the grid spacing is δx = 2π/N . In the LBE method, all quantities are in the units of δx = δt = 2π/N . In the PS method, δx = 2π/N , the initial kinetic energy K 0 is always set to 1, therefore the initial rms velocity is u ′ 0 = 2/3. With equal initial Re λ and the dimensionless time step size in the unit of the turbulence turnover time t 0 = K 0 /ε 0 , both the viscosity ν and the time step size in the PS calculations must be related to their LBE counterpart as the following:
where K 0 is the initial total kinetic energy computed from Eq. (14) with given parameter values of A, k max and k min . The scaling relations of various quantities in the LBE and PS methods are summarized in Table 1 . Table 1 . Parameters used in the lattice Boltzmann (LBE) and pseudo-spectral (PS) methods. K 0 is the initial total kinetic energy computed from the initial spectrumẼ 0 (k).
For the initial energy spectrumẼ 0 (k) given by Eq. (14), we use A = 1.4293 · 10 −4 , k a = 3, and k b = 8, thus the initial kinetic energy is K 0 ≈ 1.0130 · 10 −2 , the rms velocity is u ′ ≈ 8.2181 · 10 −2 , and the initial enstrophy is Ω 0 ≈ 0.2077.
For the LBE method, we must ensure that the local Mach number Ma is small enough so the LBE method is well within the incompressible flow region. With the initial energy spectrumẼ 0 (k) and the parameters given above, we can ensure that the maximum local Mach number Ma max = u 0 max /c s ≤ 0.15 for the initial velocity field u 0 , where c s = 1/ √ 3 (cδx) is the sound speed in the LBE model. The viscosity used in the LBE simulations is ν = 1/600 (cδx). With the initial energy spectrumẼ 0 (k) and the viscosity ν given above, the Taylor microscale Reynolds Re λ ≈ 24.35.
With a given Re λ , the required resolution for pseudo-spectral methods can be estimated as
With a system size of N 3 = 128 3 , the maximum Taylor microscale Reynolds number can be used is about 46.78. The above formula can be re-written in terms of the Kolmogorov length scale η in terms of the grid spacing δx:
Since the lattice Boltzmann method is formally a second-order method, 28, 29 the resolution requirement for the LBE method would not be the same as the above criterion (23) for spectral methods, which are exponentially accurate. We found that for the LBE method we should consider the following resolution criterion: as η δx ≥ 1.0.
The above criterion has been tested in our simulations. With the initial Taylor microscale Reynolds number Re λ = 24.35, the flow field is well resolved for both the LBM and pseudo-spectral methods.
B. Instantaneous flow fields
We directly compare instantaneous flow fields obtained with the LBE and PS methods with Re λ ≈ 24.35. The initial velocity fields used in both the LBE and PS methods are identical except their normalizations, as discussed in previous section. That is, one single random velocity field is generated with the energy spectrum of Eq. (14), then it is rescaled such that u ′ 0 = 2/3 for the PS method, and Ma max ≤ 0.15 for the LBE method. For the PS method, the pressure p is obtained by solving the Poisson equation in the spectral space. As for the LBE method, the initial pressure field is obtained by using an iterative procedure which solves the Poisson equation consistent with the LBE method. 30 Before we compare the results obtained by the LBE and PS methods, We should bear in mind that these two methods are very different. The PS method solves the incompressible Navier-Stokes equations with an exponential accuracy in space for all flow variables, while the LBE method is formally second-order accurate in space for the velocity field and only first-order accurate for the pressure field. 28, 29 As for the accuracy in time, the PS method is second-order accurate, while the LBE method is only first-order formally. 29 In addition, the LBE method is essential an artificial compressibility method.
We first show the evolution of the magnitude of the velocity field normalized by its initial rms value ū := u/u ′ 0 on a plane in Fig. 1(a) . The time is normalized by the turbulence turnover time t 0 = K 0 /ε 0 . All runs stop at t ′ ≈ 30, when the total kinetic energy K decays more than three orders of magnitude, and the rms velocity u ′ decays almost two orders of magnitude. The results for the evolution of ũ on the xy plane at z = π are shown in Fig. 1(a) . We compare the results in four instances: t ′ ≈ 4.048, 8.095, 16.189, and 29.949. Even at the latest time t ′ ≈ 29.949, the velocity fieldū obtained from the LBE method is much similar to those obtained from the PS methodboth magnitudes and locations of vortices in the velocity fields obtained by these two methods are very close to each other.
The agreement between the flow fields is further demonstrated with the evolution of the vorticity field normalized by the initial rms velocity ω := ω/u ′ 0 on a plane. The vorticity fields ω := ∇ × u are computed in the spectral spaceω := k ×ũ. The results of ω are shown in Fig. 1(b) . Clearly, at t ′ ≈ 29.949, the difference between the LBE result and the PS one is visible in Fig. 1(b) . While basic features of the vorticity fields computed with the LBE and PS methods remain quite similar, in terms of vortex shape and locations. The difference between the LBE and PS results increases in time.
Based on the observations made above, we can conclude that the flow fields computed with the LBE method agree well with that computed with the PS method when the flow is properly resolved.
C. Statistical quantities
We now compare the statistical quantities of the decaying homogeneous isotropic turbulence (DHIT) obtained by using the LBE and PS methods. In Fig. 2 we first show the energy spectraẼ(k, t ′ ) and the compensated spectra Ψ(kη, t ′ ). The results obtained with the LBE and PS methods agree very well with each other. In fact, they show no visible difference in the spectra. When kη > 2, i.e., in small scales, the compensated spectra Ψ(kη, t ′ ) collapse to a single curve which is time independent. We next show the results of the normalized total kinetic energy K(t ′ )/K 0 and the normalized dissipation rate ε(t ′ )/ε 0 with Re λ ≈ 24.35 in Fig. 3 . Again, the LBE and PS results show no visible differences in the figure.
The skewness and flatness (or kurtosis) are the third-order and fourth-order moments of the energy spectrumẼ(k, t), respectively, thus they are the third-order and four-order velocity-derivative moments. For a second-order accurate method such as the LBE, computing higher-order velocity-derivative moments is a challenging test. In Fig. 4(a) we compare both the skewness and the flatness computed from u x , u y , u z and their averaged value in the LBE and PS simulations. When t ′ < 8.0, the LBE and PS results agree well with each other, especially the averaged skewness S u and flatness F u , although the LBE results have oscillations due to the acoustics. The magnitude of the oscillations grows in time as the velocity field decays. Because for the high-order velocity-derivative moments, the fluctuations are amplified, the higher order of the moments, the greater the amplification. In Fig. 4(b) we compare the smoothed LBE results of the skewness and flatness with PS results. Clearly, the smoothed LBE results agree fairly well with the PS ones.
Because the LBE method does not solve the Poisson equation and cannot enforce the divergence-free condition for the velocity field as in the PS method, the divergence of the velocity is not zero in the LBE simulations. In Fig. 5 we show the normalized rms velocity divergence Θ ′ (t ′ )/ω 0 , where ω 0 := ω 0 · ω 0 1/2 is the rms value of the initial vorticity field ω 0 . Although the initial velocity field u 0 is divergence free, the rms velocity divergence Θ ′ rapidly increases to a maximum value in a very short period of time initially, despite of the fact that the velocity field decays monotonically in time for DHIT. 
V. Conclusions
In this study, we compare the LBM and SP method for direct numerical simulation of decaying homogeneous isotropic turbulence. Our results show that the LBM can reproduce accurate results for instantaneous flow fields and statistical quantities comparable to SP method. We also find that the LBM results have oscillations in statistical quantities. The reason is that the LBM is essentially an artificial compressibility method and the density fluctuation is intrinsic to the method. This is responsible for the oscillations in various statistical quantities. We also note that, in order to resolve the flow in DNS of turbulence, the lattice Boltzmann method requires twice resolution in each dimension as that of the pseudo-spectral methods. This means that corresponding to the computational effort of pseudo-spectral methods with 1 grid, the LBE method requires the computational effort of 16 grids for three-dimensional computational, provided that the CFL number in both methods are equal. In general we find that the LBE can perform very well for DNS of decaying turbulence. We will carry out a detailed comparison of the LBM and PS methods for higher order statistical quantities of turbulence in the future.
